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Abstract
InthisarticlewegoontodiscussaboutvariousproperextensionsofKannan'stwodifferentfixed
pointtheorems,introducingthenewconceptof
c
function;whichisindependentofthethreenotions
ofsimulationfunction,manageablefunctionsandR-functions.Theseresultsaretheanalogoustosome
welknowntheorems,andextendsseveralknownresultsinthisliterature.
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1Introduction:
Thefixedpointtheoryisoneofthemostusefulandessentialtoolsofnonlinearanalysis.Banach(see,
[1])hasgiventhemostimportantandfundamentaltheoremofthisbranchbydefiningtheconceptof
contractionoperators.Afterthat,somanytheoremsandgeneralizationsofithasbeenmadeoverthe
courseoftime.Recently,Khojastehetal.(see,[5])introducedthenotionofsimulationfunctionandDu
andKhojasteh(see,[6])presentedaveryclosebutindependentconceptofmanageablefunction,both
ofwhichgiveanewwaytoextendtheBanach’sfixedpointresult.However,LópezdeHierroand
Shahzad(see,[7])hasgiventheconceptofR-function(generalizedconceptofbothsimulationand
manageablefunction)toobtaintheextensionofBanach’stheoremfortheR-contractionoperator.On
theotherhand,Kannan(see,[2,3])foundaparticulartypeofoperatorswhicharenotnecessarily
continuous,butsatisfiesthefixedpointpropertyoncompletemetricspaces.Theclassofoperators
foundbyKannanandthatofBanachareindependentofeachother(see,[2,3]).Here,inthisarticle,we
proveseveralpropergeneralizationsofKannan'stheorems,byfindingfixedpointsandcoincidence
pointsfortwosetofoperators,viathenewconceptofσ
c
-functions.Thesenewgeneralizationsalso
extendsseveralknowntheoremslikeKoparde-Waghmodetheorem (See[12])andPatel-Deheri's
theorem(See[13]);byfindingtheanalogousresultsofMalceskitheorem(See[11]).
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22 Preliminaries:
Consider,T,S:(X,d)→(X,d)asthetwooperatorsonmetricspace(X,d).Tissaidtohaveafixedpointc
inX,ifT(c)=c;andissaidtobehavecoincidencepointcinX,ofthepair(T,S),ifTc=Sc.ThespaceXis
saidtosatisfythecoincidencepropertywithrespecttothepair(T,S)ifthereisatleastonepointcfor
whichTc=Sc.Theiteratesoftheself-mappingTarethemappings{T
n
:X→X}
n∈N∪{0}
definedbyT
0
=Id
X
,
andT
n+1
=T◦T
n
foraln∈N.Givenapointx
0
∈X,thePicardsequenceofTbasedonx
0
isthesequence
{x
n
}
n∈N∪{0}
givenbyx
n+1
=Tx
n
foraln∈N.Clearly,x
n
=T
n
x
0
foraln∈N.Tissaidtobeasymptoticaly
regularatpointx∈ Xiflimn→∞d(T
n
x,T
n+1
x)=0.Tissaidtobesequentialyconvergentif,foreach
sequence{x
n
}thefolowingholdstrue:if{Tx
n
}converges,then{x
n
}alsoconverges.Wesayasequence
{x
n
}
n≥0
tobeS-boundedif{Sx
n
}
n≥0
isboundedandS-Cauchyif{Sx
n
}
n≥0
iscauchysequence.
WenowstatetheKannan'stwotheorems,ofwhichwefindthegeneralizations.
Theorem 2.1:(Kannan,[3]):IfTbeanoperatoronacompletemetricspaceX,satisfyingthecondition
that,d(Tx,Ty)[d(Tx,x)+d(Ty,y)],foralx,y∈X,where0<<1/2,thenThasuniquefixedpointinX.
Theorem2.2:(Kannan;[2])LetXbeametricspacewithdasmetric.LetTbeamapofXintoitselfsuch
that,(i)d(Tx,Ty)[d(Tx,x)+d(Ty,y)]x,y∈X,where0<<1/2,(i)Tiscontinuousatapointc∈X;
and,(ii)Thereexistsapointp∈Xsuchthatthesequenceofiterates{T
n
(p)}hasasubsequence{T
n
i
(x)}
convergingtoc,ThencistheuniquefixedpointofT.
Westatesomedefinitions;startingwiththeconceptofSimulationfunctions,whichwasinitiatedby
Khojastehetal.(see[5]),toshowanewwaytostudy,fixedpointtheory.
Definition2.3:(Simulationfunction,[5]):Letζ:[0,∞)×[0,∞)→ Rbeamapping,thenζissaidtobea
simulationfunctionifitsatisfiesthefolowingconditions,
(ζ1)ζ(0,0)=0;
(ζ2)ζ(t,s)<s−tforalt,s>0;
(ζ3)if{t
n
},{s
n
}aresequencesin(0,∞)suchthat,iflimn→∞t
n
=limn→∞s
n
>0;then,limsupn→∞ζ(t
n
,s
n
)<0.
Example2.4:Letζ:[0,∞)×[0,∞)→R,suchthat,ζ(t,s)=ψ(s)–φ(t)foralt,s∈[0,∞),
whereφ,ψ:[0,∞)→[0,∞)arethetwocontinuousfunctionssuchthatψ(t)=φ(t)=0ifandonlyift=0and
ψ(t)<t≤φ(t)foralt>0.Moreexamplesofsimulationfunctioncanbefoundon[5].
Definition2.5:(Manageablefunction,[6]):Afunctionη:R×R→Rissaidtobemanageableifthe
folowingconditionsholds:
(η1)η(t,s)<s–tforals,t>0
3(η2)Foranyboundedsequence{t
n
}⊂(0,∞)andanynonincreasingsequence{s
n
}⊂ (0,∞),wehavethat,
limsupn→∞[{t
n
+η(t
n
,s
n
)}/s
n
]<1.
Severalexamplesofmanageablefunctionscanbefoundon[6].
Definition2.6:(R-function,[7]):ForanonemptyA⊆R,afunction:A×A→RissaidtobeanR-
functionifitsatisfiesthefolowingtwoconditions.
(If{a
n
}⊂(0,∞)∩Aisasequencesuchthat(a
n+1
,a
n
)>0,n∈N,then{a
n
}→0
()If{a
n
},{b
n
}⊂(0,∞)∩AaretwosequencesconvergingtothesamelimitL≥0;satisfyingthat,L<a
n,
and(a
n
,b
n
)>0,n∈N,thenL=0.
Insomecases,thefolowingadditionalpropertyisalsoconsidered,
($)If{a
n
},{b
n
}⊂(0,∞)∩Aaretwosequencessuchthat{b
n
}→0and(a
n
,b
n
)>0,n∈N,then{a
n
}→0.
VariousexamplesandpropertiesofR-functioncanbefoundon[7].
Remark2.7(See[7]):EverysimulationfunctionandmanageablefunctionisanR-functionthatalso
satisfiestheproperty($).
Definition2.8:(Geraghtyfunction,[8])AGeraghtyfunctionisafunctionφ:[0,∞)→ [0,1)suchthatif
{t
n
}⊂[0,∞)and{φ(t
n
)}→1,then{t
n
}→0.
Definition2.9:(L-function,[9]):Afunctionφ:[0,∞)→[0,∞)wilbecaledanL-functionif;
(a)φ(0)=0;
(b)φ(t)>0foralt>0,and
(c)foralε>0,thereexistsδ>0suchthatφ(t)≤εforalt∈[ε,ε+δ].
3 MainResults:
Beforegoingintoourmaintheorems,weshalintroducesomedefinitions,asfolows:
Definition3.1:(
c
-function):LetA⊆Rbeanonemptysetandc(≥1)arealconstant.weintroducea
function
c
:A×A→R,issaidtobean
c
-function,ifitsatisfiesthefolowingtwoconditions:
(If{a
n
}⊂(0,∞)∩Aisasequencesuchthat
c
(a
n
,a
n-1
+a
n
)>0,n∈N,then{a
n
}→0
()If{a
n
},{b
n
}⊂(0,∞)∩Aaretwoconvergentsequencessuchthat,cL=limb
n
≥lima
n
=L≥0;satisfying
that,
c
(a
n
,b
n
)>0,n∈N,thenL=0.
WedenotebyΣ
c
A
asthesetofal
c
functionsonA,andwewritesimplyΣ
c
forΣ
c
[0,∞)
.
Remark3.2:UnlikeRemark2.7,everysimulationfunction(ormanageablefunction)isnota
c
-
function.Infactthenotionof
c
-functioniscompletelyindependent,fromthethreenotionsmentioned
indefinitions2.3,2.5,and2.6canbeseenbythefolowingexamples.
4Example3.3:Let:[0,∞)×[0,∞)→Rbethefunctiondefined,foralt,s∈[0,∞),andforc>0anyreals,by,
(t,s)=s/2–3t/2,whent<s,
=0, whent≥s.
We,showisa
c
-functionon[0,∞)(foral0<c<3),whichsatisfythecondition($).
(If{a
n
}⊂(0,∞)isasequencesuchthat(a
n
,a
n-1
+a
n
)>0,then,n∈N
0<(a
n
,a
n-1
+a
n
)=a
n-1
+a
n
)/2–3a
n
/2=a
n-1
/2–a
n
⇒a
n
<a
n-1
/2andhence{a
n
}→0.
()If{a
n
},{b
n
}⊂(0,∞)aretwoconvergentsequencessuchthat,cL=limb
n
≥lima
n
=L≥0,satisfyingthat,
(a
n
,b
n
)>0,n∈N,then,0<(a
n
,b
n
)=b
n
/2–3a
n
/2⇒0<3a
n
/2<b
n
/2⇒03LcL<3L⇒L=0.
($)If{a
n
},{b
n
}⊂(0,∞)aretwosequencessuchthat{b
n
}→0and(a
n
,b
n
)>0,n∈N,then,
0<(a
n
,b
n
)=b
n
/2–3a
n
/2⇒0<3a
n
/2<b
n
/2⇒{a
n
}→0as{b
n
}→0isgiven.
Butnotasimulationfunction(ormanageablefunction),becausebyconsideringa
n
=b
n
=1n∈N,we
getthat,limsup(a
n
,b
n
)=0,notsatisfyingthecondition(ζ3)(or(η1)).
Example3.4:Let,:[0,∞)×[0,∞)→Rbethefunctiondefined,foralt,s∈[0,∞),by,(t,s)=s/2–t.Then
clearlyisasimulationfunction.InfactitisbothmanageableandR-function.Butdoesnotsatisfythe
property(Becauseifwetakea
n
=1+1/n,andb
n
=a
n
+a
n-1,
n∈N,then(a
n
,b
n
)=(a
n-1
–a
n
)/2>0buta
n
doesnotconvergeto0.
Example3.5:Considerg:[0,∞)×[0,∞)→Rbethefunctiondefined,foralt,s∈[0,∞),by,
g(t,s)=–1,ifts
= 1, ift>s,
Thenn∈N,andforevery{a
n
}⊂(0,∞),g(a
n
,a
n-1
+a
n
)<0.Hencecondition(isvacuouslytrue.
Also,if{a
n
},{b
n
}⊂(0,∞)aretwoconvergentsequencessuchthat,cL=limb
n
≥lima
n
=L≥0,(forc>1)
satisfyingthat,g(a
n
,b
n
)>0,n∈N,then,itimpliesthat,a
n
>b
n
n∈N⇒L≥cL(forc>1)⇒L=0.Sog
satisfies(andhence,gisa
c
-function(forc>1).
ButgisnotR-functioncanbeseenbyconsideringa
n
=n,n∈N.
Remark3.6:ThedomainofthefunctionsandgcanbechosenanysubsetAofR,ratherthan[0,∞),to
getexamplesof
c
-functionswithdifferentdomain.Alsotheabovefunctionsatisfies(ζ2)butstilnot
a
c
-function,whichwouldbeveryimportantwhenwestateourconditionsfortheextensionof
Kannanmappingtogetfixedpoint.
WewilnowconsidersomemoreexamplesoffunctionsusingGeraghtyfunctionsandL-functions.
5Example3.7:Considerafunction,:[0,∞)→R,suchthat,(t)t,t∈[0,∞).Nowdefineanewfunction
as,

[0,∞)×[0,∞)→Rdefinedby,

(t,s)=s)–t,foralt,s∈[0,∞),with,0<<1/2isa
c
-function
foral1c2,whichalsosatisfiestheproperty($),canbereadilyseen.
Note3.8:In,[7],itishighlightedaboutanimportantpropertyofL-functionl,that,l(t)t,t∈[0,∞).So
bypreviousexample,foreveryL-functionl,afunctiondefinedby;
l
(t,s)=l(s)–t,foralt,s∈[0,∞);
(0<<1/2)isa
c
-functionforal1c2,whichalsosatisfiestheproperty($)
Proposition3.9:Let,g:[0,∞)→[0,1)beaGeraghtyfunction.Define
g
[0,∞)×[0,∞)→Rdefinedby,

g
(t,s)=g(s)s–t,foralt,s∈[0,∞),with,0<1/2,isa
c
-functionforal1c2,whichalsosatisfies
theproperty($).
Proof:For0<<1/2,theproofisclearfromExample3.7andthefactthat,g(s)<1ie.g(s)s<s.
Nowfor=1/2,wehave,
g
(t,s)=g(s)s/2–t,foralt,s∈[0,∞).
(If{a
n
}⊂(0,∞)isasequencesuchthat
g
(a
n
,a
n-1
+a
n
)>0,then,n∈N,wehave,
g(a
n-1
+a
n
)(a
n-1
+a
n
)/2–a
n
⇒0<a
n
<g(a
n-1
+a
n
)(a
n-1
+a
n
)/2<(a
n-1
+a
n
)/2⇒a
n
<(a
n-1
+a
n
)/2⇒a
n
<a
n-1
So,{a
n
}isstrictlymonotonedecreasingsequenceofpositiverealshenceconvergenttoL(say).
Hence,Llimg(a
n-1
+a
n
).2L/22L/2=L⇒limg(a
n-1
+a
n
)=1,andsobythepropertyofGeraghtyfunction
wehavethat,(a
n-1
+a
n
)→0asn→∞;whichimpliesa
n
→0asn→∞.
()If{a
n
},{b
n
}⊂(0,∞)aretwoconvergentsequencessuchthat,cL=limb
n
≥lima
n
=L≥0,satisfyingthat,

g
(a
n
,a
n-1
+a
n
)>0,then,wehaveg(b
n
)b
n
/2–a
n
>0⇒a
n
g(b
n
)b
n
/2<b
n
/2⇒Llimg(b
n
)cL/2<cL/2
⇒limg(b
n
)=1andso,b
n
→0asn→∞,andsoa
n
→0asn→∞.
Bysimilarargumentswecanchecktheproperty($)andthiscompletestheproofoftheproposition.
Definition3.10:LetT:X→Xbeanoperator.Asequence{x
n
}
n≥0
inX,issaidtosatisfytheasymptotic
regularityproperty,withrespecttoT,if,limn→∞d(Tx
n+1
,Tx
n
)=0.Now,if{x
n
}
n≥0
isformedbythepicard's
interation,ie.x
n
=T
n
x
0
,thenTissimplyturnsouttobetheasymptoticalyregularatthebasepointx
0.
Definition3.11(See[10]):Giventwoself-mappingsT,S:X→Xandasequence{x
n
}
n≥0
⊆X,wesaythat
{x
n
}
n≥0
isaPicardsequenceofthepair(T,S)(basedonx
0
)ifSx
n+1
=Tx
n
foraln≥0.WesaythatXverifies
theCLR(T,S)-property,ifthereexistsonXaPicardsequenceof(T,S)basedonsomepointx
0.
Definition3.12:LetT:X→Xbeanoperator.AsequenceissaidtobeS-asymptoticalysimilarwith
respecttoT,iflimn→∞d(TSx
n
,SSx
n
)=0,
6Definition3.13:Let(X,d)beametricspace,andS:X→Xbeafunction.AmappingT:X→Xiscaleda

c
-S-Kannanwithrespecttosome
c
∈
c
,if,itsatisfytheconditionthat,

c
(d(Tx,Ty),d(Tx,Sx)+d(Ty,Sy))>0x,y∈X. ...(3.13.1)
Andiscaled,
c
-Kannanwithrespecttosome
c
∈
c
,if,itsatisfytheconditionthat,

c
(d(Tx,Ty),d(Tx,x)+d(Ty,y))>0x,y∈X. ...(3.13.2)
Lemma3.14:Let(X,d)beametricspaceverifiestheCLR(T,S)-property andletT:X→Xbea
c
-S-
Kannan,withrespecttosome
c
∈
c
,thenPicardsequenceof(T,S)(basedonx
0
)satisfies,eitherthe
coincidencepropertywithrespecttothepair(T,S);or,theasymptoticalyregularitypropertywithrespect
totheoperatorT.
Proof:Giventhat,(X,d)verifiestheCLR(T,S)-property.SothereexistsonXaPicardsequence{x
n
}
n≥0
of
(T,S)basedonsomepointx
0
ofX.whichsatisfyingtheconditionthat,Sx
n+1
=Tx
n
foraln≥0.
Nowwehavethefolowingtwocases.
CaseI:Weassumethat,Tx
p
=Tx
p-1
,forsomep∈N.
ThenTx
p
=Tx
p-1
=Sx
p
andXsatisfiesthecoincidencepropertywithrespecttothepair(T,S).
CaseII:Nowweassume,Tx
n
≠Tx
n-1
,n∈N.
NowasT:X→Xbea
c
-S-Kannan,withrespecttosome
c
∈
c
,wehavethat,

c
(d(Tx,Ty),d(Tx,Sx)+d(Ty,Sy))>0x,y∈X.
Sowehave,
c
(d(Tx
n+1
,Tx
n
),d(Tx
n+1
,Sx
n+1
)+d(Tx
n
,Sx
n
))>0,n∈N.
Whichimplies,
c
(d(Tx
n+1
,Tx
n
),d(Tx
n+1
,Tx
n
)+d(Tx
n
,Tx
n-1
))>0,[As,Sx
n+1
=Tx
n
foraln≥0];n∈N.
Choosea
n
=d(Tx
n+1
,Tx
n
),then,a
n-1
=d(Tx
n
,Tx
n-1
);andso,a
n
>0with
c
(a
n
,a
n-1
+a
n
)>0,n∈N.
Thenby()weget,{a
n
}→0.Thisclearlyshowsthat,Picardsequenceof(T,S)(basedonx
0
)satisfiesthe
asymptoticalyregularitypropertywithrespecttotheoperatorT.
Lemma3.15:Let(X,d)beametricspaceverifiestheCLR(T,S)-property;andT:X→Xbea
c
-S-Kannan
withrespecttosome
c
∈
c
,satisfying,eithertheconditionthat,
c
(t,s)<s–tforals,t>0,orsatisfying
theproperty($).ThenthePicardsequence{x
n
}ofthepair(T,S)(basedonx
0
),isaS-boundedsequence.
Proof:Assumethat{x
n
}isnotS-boundedandweprovebycontradiction.Withoutlossofgeneralitywe
assumethatSx
n+p
≠Sx
n
n,p∈ N;andsoclearly,Tx
n+p
≠Tx
n
n,p∈ N.Nowas{x
n
}isnotS-bounded,
foreachk,thereexiststwosubsequences{Sx
n
k
}and{Sx
m
k
}of{Sx
n
}withkn
k
<m
k
,that,foreachk∈
N,m
k
,n
k
aretheminimumintegers,suchthat,
7d(Sx
n
k
,Sx
m
k
)>1andd(Sx
n
k
,Sx
p
)1forn
k
≤p≤m
k
−1. ..(3.15.1)
CaseI:Now,ifTisa
c
-S-Kannanwithrespecttosome
c
∈
c
,satisfyingtheconditionthat,

c
(t,s)<s–t,forals,t>0.
Sowehavethat,
d(Tx,Ty)<d(Tx,Sx)+d(Ty,Sy),forthosex,y∈X,ofwhichboththesidesprovidesnon-zeroentry.
Now,sincewehaveassumed,Tx
n
k
−1
=Sx
n
k
≠Sx
n
k
−1
,andTx
m
k
−1
=Sx
m
k
≠Sx
m
k
−1
,
Wehavethat,d(Tx
n
k
−1
,Tx
m
k
−1
)<d(Tx
n
k
−1
,Sx
n
k
−1
)+d(Tx
m
k
−1
,Sx
m
k
−1
).[As,Tx
n+p
≠Tx
n
]
Nowclearly,1<d(Sx
n
k
,Sx
m
k
)=d(Tx
n
k
−1
,Tx
m
k
−1
)<d(Tx
n
k
−1
,Sx
n
k
−1
)+d(Tx
m
k
−1
,Sx
m
k
−1
).[As,Tis
c
-S-Kannan]
Thisimplies,1<d(Tx
n
k
−1
,Sx
n
k
−1
)+d(Tx
m
k
−1
,Sx
m
k
−1
)=d(Tx
n
k
−1
,Tx
n
k
−2
)+d(Tx
m
k
−1
,Tx
m
k
−2
)
Nowweseethatboththeentriesontherighthandsidearethesubsequenceofd(Tx
n
,Sx
n
)=d(Tx
n
,Tx
n-1
),
suchthat,Tx
n
≠Tx
n-1
foraln∈N.
ThenbyCaseIIofLemma3.14,thenPicardsequenceof(T,S)(basedonx
0
)satisfiestheasymptoticaly
regularitypropertywithrespecttotheoperatorT.
So,takinglimitonbothsidesask→∞,weget,10,whichisacontradiction.
Hence,{x
n
}isS-bounded.
CaseII:Nowsuppose,
c
ifsatisfiestheproperty($).
Then,wechoose,a
k
=d(Sx
n
k
,Sx
m
k
)andb
k
=d(Tx
n
k
−1
,Sx
n
k
−1
)+d(Tx
m
k
−1
,Sx
m
k
−1
).
Thenby,thegivencondition,wehave,a
k
,b
k
>0satisfying
c
(a
k
,b
k
)>0withb
k
→0.
Sobytheproperty($)wehavea
k
→0,whichisagainacontradictionto(3.15.1),
Thisprovesthelemma.
Nowweuseasimilartypeofideaasgivenin,[5]toprovethenextlemma,
Lemma3.16:Let(X,d)beametricspaceverifiestheCLR(T,S)-property;andT:X→Xbea
c
-S-Kannan
withrespecttosome
c
∈
c
,satisfying,eithertheconditionthat,
c
(t,s)<s–tforals,t>0,or,satisfying
theproperty($).ThenthePicardsequence{x
n
}ofthepair(T,S)(basedonx
0
),isaS-cauchysequence.
Proof:ConsiderC
n
=sup{d(Sx
i
,Sx
j
):i,j≥n}.Notethatthesequence{C
n
}isamonotonicalydecreasing
sequenceofpositiverealsandbyLemma3.15,thesequence{x
n
}isS-bounded,thereforeC
n
<∞n∈N.
Thus{C
n
}ismonotone,boundedsequence,henceconvergent.
SothereexistsC≥0suchthatlimn→∞C
n
=C.
Now,ifC>0thenbythedefinitionofC
n
,foreveryk∈Nthereexistsn
k
,m
k
suchthatm
k
>n
k
≥kand
C−1/k<d(Sx
m
k
,Sx
n
k
)≤C,
8Hence,limk→∞d(Sx
m
k
,Sx
n
k
)=C.
CaseI:Now,supposeTisa
c
-S-Kannanwithrespecttosome
c
∈
c
,satisfyingtheconditionthat,

c
(t,s)<s–t,forals,t>0.
Sowehavethat,
d(Sx
n
k
,Sx
m
k
)=d(Tx
n
k
−1
,Tx
m
k
−1
)<d(Tx
n
k
−1
,Sx
n
k
−1
)+d(Tx
m
k
−1
,Sx
m
k
−1
)
Whichimplies,d(Sx
n
k
,Sx
m
k
)<d(Tx
n
k
−1
,Tx
n
k
−2
)+d(Tx
m
k
−1
,Tx
m
k
−2
)
So,bypreviousargument,takinglimitonbothsidesask→∞,weget,
limk→∞d(Sx
m
k
,Sx
n
k
)=C≤0,
Thisisacontradictiontothefactthat,C>0.HenceC=0.
CaseII:Nowif
c
satisfiestheproperty($).
Then,wechoose,a
k
=d(Sx
n
k
,Sx
m
k
)andb
k
=d(Tx
n
k
−1
,Sx
n
k
−1
)+d(Tx
m
k
−1
,Sx
m
k
−1
).
Thenby,thegivencondition,wehave,a
k
,b
k
>0satisfying
c
(a
k
,b
k
)>0withb
k
→0
Sobytheproperty($)wehavea
k
→0.
HenceC=0,andthiscompletesthelemma.
Nowwestateourtheoremfor
c
-function,whichanalogoustotheTheorem2.2(Kannan;[2]).
Theorem 3.17:Let(X,d)beametricspaceverifiestheCLR(T,S)-propertyandlet{x
n
}
n≥0
isaPicard
sequenceofthepair(T,S)(basedonx
0
).LetTbeamapofXintoitselfsuchthat,
(i)T:X→Xbea
c
-S-Kannanwithrespecttosome
c
∈
c
(forc=1),satisfyingeithertheconditionthat,
(a)
c
(t,s)<s–tforals,t>0,or(b)
c
satisfyingtheproperty($).
(i)TandSbothcontinuousatapointSq∈X;and,
(ii)ThepicardsequenceTx
n
hasasubsequence{Tx
n
k
}convergingtoSq;Thenthefolowingistrue;
Either(A)Thereisacoincidencepointofthepair(T,S);orboth
(B){x
n
}
n≥0
isS-asymptoticalysimilar,implies,SqisafixedpointofT;and
(B*)SqisafixedpointofS,implies,SqisafixedpointofT.
Proof:(A)Ifatleasttwoconsecutivetermsofthepicardssequenceofpair(T,S)areequal,thenbythe
caseIoftheLemma3.14,Thasacoincidencepoint,whichproves(A).
(B)Nowassumethatnotermsofthepicardssequenceofthepair(T,S)areequal.
Giventhat,TiscontinuousatSq∈ X,{T(Tx
n
k
)}convergingtoTSq.Weassume,TSq≠Sq,andwilarrive
atacontradiction.As,TSq≠Sq,weconsidertwodisjointopenbals,sayB(TSq,r
1
)andB(Sq,r
2
),with
centresatTSq,Sq,andradiusr
1
,r
2
respectively.
Wechoose,r=min{r
1
,r
2
,d(TSq,Sq)/4}>0.
9Now,asthesubsequence{Tx
n
k
}convergingtoSq,and{T(Tx
n
k
)}convergestoTSq;thereexistsapositive
integerM,suchthat,foralk>M,wehavethat,
Tx
n
k
∈B(Sq,r)andT(Tx
n
k
)∈B(TSq,r),
Andsoclearly,foreachk>M ,wehavethat,
0<4r<d(TSq,Sq)≤d(TSq,T(Tx
n
k
))+d(Tx
n
k
,T(Tx
n
k
))+d(Tx
n
k
,Sq)<2r+d(Tx
n
k
,T(Tx
n
k
))
Thatis,d(Tx
n
k
,T(Tx
n
k
))>2r>0 ...(3.17.1)
CaseI:Now,ifthecondition(i)-(a)issatisfied,thenwehavethat,
0<d(Tx
n
k
,T(Tx
n
k
))<d(Tx
n
k
,Sx
n
k
)+d(T(Tx
n
k
),S(Tx
n
k
))=d(Tx
n
k
,Tx
n
k
-1
)+d(TSx
n
k
+1
,SSx
n
k
+1
)
Now,bythegivencondition(B),{x
n
}
n≥0
isS-asymptoticalysimilar;andusingLemma3.14,weseethat,
therighthandsidetendsto0.
Soweget,limk→∞d(Tx
n
k
,T(Tx
n
k
))=0,whichisacontradictionto(3.17.1).
Hence,TSq=Sq,thatis,SqisafixedpointofT.
CaseII:Ifthecondition(i)-(b)issatisfied,thenwehave,

c
(d(Tx
n
k
,T(Tx
n
k
)),d(Tx
n
k
,Sx
n
k
)+d(T(Tx
n
k
),S(Tx
n
k
)))>0.
Weassume,a
k
=d(Tx
n
k
,T(Tx
n
k
))andb
k
=d(Tx
n
k
,Sx
n
k
)+d(T(Tx
n
k
),S(Tx
n
k
))).
Then,sincelimk→∞b
k
=0.whichimplieslimk→∞a
k
=0
Itisacontradictionto(3.17.1).
Hence,TSq=Sq,i.e.,SqisafixedpointofT
(B*)Nowassumingthecondition(i)-(a)tobesatisfiedby,
c;
i.e,
c
(t,s)<s–t,forals,t>0,
Sowehavethat,

c
(d(Tx
n
k
,T(Tx
n
k
)),d(Tx
n
k
,Sx
n
k
)+d(T(Tx
n
k
),S(Tx
n
k
)))>0,
Choose,a
k
=d(Tx
n
k
,T(Tx
n
k
))andb
k
=d(Tx
n
k
,Sx
n
k
)+d(T(Tx
n
k
),S(Tx
n
k
)),
weseethata
k
→d(Sq,TSq)=Landb
k
→d(TSq,SSq)=d(TSq,Sq)=L,[bytheassumptionmadein(c)]
Now,sinceT:X→Xbea
c
-Kannanwithrespecttosome
c
∈ 
c
(forc=1),andL=lima
k
≤limb
k
=L;it
thenimpliesthatL=0andhence,d(Sq,TSq)=0.
So,TSq=SqandSqisafixedpointofT.
Assumingthecondition(i)-(b)tobesatisfiedby,
c;
i.e,if
c
satisfiesthecondition($),thensimilarly
onecanobtaintheresults,byusingLemma3.14andLemma3.16.Thiscompletestheproof.
Nowwestateourtheoremfor
c
-function,whichanalogoustotheTheorem2.1(Kannan;[3]).
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Theorem 3.18:Let(X,d)beametricspace,andverifiestheCLR(T,S)-propertyandletTbeamapofX
intoitselfsuchthat,
(i)(S(X),d)isacomplete,(or(T(X),d)iscomplete),
(i)Tisa
c
-S-Kannanwithrespecttosome
c
∈
c
(forc=1),satisfying,eitheroftheconditionthat,
(a)
c
(t,s)<s–tforals,t>0,or,(b)satisfyingtheproperty($).
thenXsatisfiesthecoincidencepropertywithrespecttothepair(T,S).
Proof:Suppose,Tisa
c
-S-Kannanwithrespecttosome
c
∈
c
(forc=1),satisfyingthecondition,

c
(t,s)<s–t,forals,t>0;
Hence,byLemma3.16,thePicardsequence{x
n
}ofthepair(T,S)(basedonx
0
),isaS-cauchysequence.
Now,since(X,d)iscomplete,{Sx
n
}isconvergentandconvergestoapointsayz(say)inX.
Thenas,Sx
n+1
=Tx
n
foraln≥0.{Tx
n
}isalsoconvergentandconvergestothesamepointz.
Alsoasz∈S(X),thereisatleastonepointw(say)inXsuchthatSw=z.
Also,ifTsatisfythecondition(i)-(a);i.e
c
(t,s)<t–sforals,t>0;
Then,
c
(d(Tx
n
,Tw),d(Tx
n
,Sx
n
)+d(Tw,Sw))>0,
Nowchoosea
n
=d(Tx
n
,Tw)andb
n
=d(Tx
n
,Sx
n
)+d(Tw,Sw),n∈N.
Then,limn→∞a
n
=limn→∞d(Tx
n
,Tw)=limn→∞d(Sx
n+1
,Tw)=d(z,Tw)=d(Sw,Tw);and,
limn→∞b
n
=limn→∞[d(Tx
n
,Sx
n
)+d(Tw,Sw)]=limn→∞[d(Sx
n+1
,Sx
n
)+d(Tw,Sw)]=d(Tw,Sw)
Thenclearly,d(Tw,Sw)=limb
n
≥lima
n
=d(Tw,Sw)=L≥0,soL=0.(by2)
HenceXsatisfiesthecoincidencepropertywithrespecttothepair(T,S).
Assumingthe
c-
functionsatisfiesthecondition(i)-(b)i.etheproperty($),onecanobtaintheresult
similarly,usingLemma3.14andLemma3.16.Thiscompletestheproof.
Corollary3.19:Let(X,d)beacompletemetricspace,and,letTbeamapofXintoitselfsuchthat,T
verifiestheconditionthat,
c
(d(Tx,Ty),d(Tx,x)+d(Ty,y))>0x,y∈X;withrespecttosome
c
∈
c
(c=1),
andsatisfyeither,thecondition($)or,that,
c
(t,s)<s–t,forals,t>0;thenThasuniquefixedpointinX.
Proof:Putting,S=Id
X
,i.e,S(x)=xforalx∈ Xintheorem3.18weobtaintheexistenceofthefixed
pointofT.Onlytoprovetheuniqueness.Notethat,forS=Id
X
thePicardsequenceofthepair(T,S)
basedonsomepointx
0
∈X,nowreducesintothePicardsequence{x
n
}ofTbasedonx
0
forarbitraryx
0
∈X,wherex
n
=T
n
x
0
;and{x
n
}convergestousuchthatuisafixedpointofT.Ifpossible,assumeTv=v
withu≠v,forsomev∈X.Then,wecanchooseasubsequence{x
n
k
}of{x
n
}suchthatx
n
k
≠x
n
k
+1
and,
Tx
n
k
≠Tvforalk∈N(because,ifnotso,thentakinglimitsu=Tv=v).
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Nowif
c
(t,s)<s–t,forals,t>0;wehavethat,d(Tx
n
k
,Tv)<d(Tx
n
k
,x
n
k
)+d(Tv,v),andtakinglimitswe
get,d(u,Tv)=0.i.e.u=Tv=v.
Alsoif,thecondition($)issatisfied,thenwechoose,
a
k
=d(Tx
n
k
,Tv)andb
k
=d(Tx
n
k
,x
n
k
)+d(Tv,v);andasb
k
→0ask→∞,wegeta
k
→0ask→∞.
So,d(u,Tv)=0.i.e.u=Tv=v.Thiscompletestheproofofthecorolary.
Corollary3.20:T:R
n
→R
n
beafunctionsuchthatT(a)=–T(–a),forsomea∈R
n
,andsatisfiesthe
conditionthat,||Tx–Ty||≤2(||Tx||+||Ty||),forafixed0<<1/2.Thenthereisrootofthe
functioninR
n
,i.ethereisapointcinR
n
forwhichf(c)=0
Proof:PutS(x)=–T(x)inthetheorem3.18.andconsider
c
(t,s)=s–t.t,s∈[0,∞),0<<1/2.(Forthe
proofofbeing
c-
function,seeRemark3.21,below)
Remark3.21:Thetheorems3.17and3.18arethegeneralizationsofthetheorem2.2(Kannan;[2])and
theorem2.1(Kannan;[3])respectively.Becauseforafixed0<<1/2ifwechooseafunction

,as,


:[0,∞)×[0,∞)→Rdefinedby,

(t,s)=s–t.t,s∈[0,∞),
then

is
c
-function(for0<c<2),forevery,0<<1/2.
Wewilshowthisfact.
(If{a
n
}⊂(0,∞)isasequencesuchthat

(a
n
,b
n
)>0,where,b
n
=a
n-1
+a
n
,then,n∈N
0<

(a
n
,b
n
)=b
n
–a
n
=a
n-1
+a
n
)–a
n
=a
n-1
–(1–)a
n
⇒a
n
<a
n-1
/(1–),
andas0<<1/2thequantity/(1–)<1andhence{a
n
}→0.
(If{a
n
},{b
n
}⊂(0,∞)aretwoconvergentsequencessuchthat,cL=limb
n
≥lima
n
=L≥0,satisfyingthat,


(a
n
,b
n
)>0,n∈N,then,0<

(a
n
,b
n
)=b
n
–a
n
⇒0<a
n
<b
n
⇒0LcL<cL/2<L⇒L=0.(asc<2)
Thisprovesthat

is
c
-function(forc<2),forevery,0<<1/2.
Now,ifanoperatorsatisfiesthecondition(3.13.1)ofthedefinition3.13;thenfor
c
=

andS=Id
X
we
havethat,


(d(Tx,Ty),d(Tx,x)+d(Ty,y))>0,x,y∈X
⇒d(Tx,Ty)[d(Tx,x)+d(Ty,y)],x,y∈X,(0<<1/2).
WhichistheKannan'scontractioncondition.AltheotherconditionsofTheorem 3.17andTheorem
3.18canbereducedintodesiredform,easily.
Remark3.22:Theidentityfunctionisthesimplestoperatorhavingfixedpoint,withoutsatisfyingthe
Kannan'scontraction(ornotevenBanach'scontractioncondition).Butitdoessatisfyour
c
-S-Kannan
contractioncondition.Alsoour
c
-S-Kannancontractionconditionisaproperextensionofthe
Kannan'scontractionconditionevenwhenwetakeStobetheidentityoperator.Alsothetheorem3.17
12
andTheorem3.18arethetwopropergeneralizationsofKannan'stheorem.Thesealfactsfolowsfrom
thenextfewexamples.
Example3.23:Firstletusconsidertheexample3.5,withaslightmodification,that,
Consider:[0,∞)×[0,∞)→Rbethefunctiondefined,foralt,s∈[0,∞),by,
(t,s)=–1,ift<s
= 1, ifst,
Then,inviewofExample3.5wehaveω∈Ű
c
withc>1.NowifwetakeouroperatorTtobetheidentity
functionthenitisa
c
-Kannanmapping.Sinceforanyx,y∈X,wehavethat,
(d(Tx,Ty),d(Tx,x)+d(Ty,y))=(d(x,y),0)=1>0.
ButnotaKannan'smapping;becauseifso,thenforx≠y,wewouldhavethat,
d(x,y)=d(Tx,Ty)[d(Tx,x)+d(Ty,y)]=0,whichisacontradiction.
Alsoifwetake,X=anyspace,andT:X→Xbeanyfunctionswithatleasttwodifferentimages,andwe
chooseStobeanyconstantfunction,thenXsatisfytheCLR(T,S)propertyandTsatisfyingthe
c
-S-
Kannancontractionconditionwithrespecttotheabovefunction.Alsoifwouldhavechosenthelast
consideredT,pre-assumingthatthereexistsapointc,thatT(c)=cthenTissatisfiedaltheconditions
abovewithoutthecondition(i)ofTheorem3.18;andthisshowsthatthecondition(i)oftheTheorem
3.18,issufficientbutnotnecessarytohavefixedpoint.
Example3.24:Toproveour
c
-S-KannancontractionconditionisaproperextensionoftheKannan's
contractioncondition,weconsiderX={1,2,3,4,5}anddefineT:X→XasT(x)=3ifx≠4andT(4)=2;and
defineS:X→Xas,S(x)=3,x≠4andS(4)=5.ThenclearlyTdoesnotsatisfytheKannan'scontraction
canbeseenbyconsideringtwopoints3and4.ButthisTissatisfyingthe
c
-S-Kannancontraction
conditionwithrespecttothe
c
∈
c,
definedby
c
(t,s)=3s/7–t(for0<c<2).(ByRemark3.21).InfactX
satisfyingtheCLR(T,S)propertyandS(X)iscompleteaswel.Soitsatisfyalthepropertyofthe
Theorem3.18.andhenceXsatisfiesthecoincidencepropertywithrespecttothepair(T,S)andx=1,2,3
arethecoincidencepointsofit.
Remark3.25:In[7]itwasshownthateverysimulationfunctionandeverymanageablefunctionisan
R-functionthatalsosatisfiestheproperty($).Noticethat,theproperty(σ1)of
c
functionsisquite
differentfromtheproperty(ρ1)ofmanageablefunctions.Thispropertyisamajordifferencebetween
themanageablefunctionsandtheσcfunctions,anditplaysanimportantroleintheexistenceoffixed
pointoftheclassofσc-mappings.Thefolowingexampleshowsthatonecannotreplacetheproperty
(σ1)by(ρ1)evenwhentheproperty($)issatisfied.
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Example3.26:LetX={1,2,3}andconsiderthemetricd(x,y)=|x−y|foralx,y∈ X.Clearly(X,d)is
complete.Now,considerafunctionτ:[0,∞)×[0,∞)→ Rbethefunctiondefinedbyτ(t,s)=2s/3−t,for
alt,s∈[0,∞).Clearlyτisamanageablefunctionwhichsatisfiestheproperty($).
WenowdefineanoperatorT:X→XbyT(1)=T(2)=3andT(3)=2.
Toshowτ(d(Tx,Ty),d(Tx,x)+d(Ty,y))>0weshowthatd(Tx,Ty)≤2[d(Tx,x)+d(Ty,y)]/3.
Then,0=d(T(1),T(2))<2[d(T(1),1)+d(T(2),2)]/3;
1=d(T(1),T(3))<2[d(T(1),1)+d(T(3),3)]/3=2(2+1)/3=2,
1=d(T(2),T(3))<2[d(T(2),2)+d(T(3),3)]/3=2[1+1]/3=4/3.
Also,itiseasytoseethatτsatisfiestheproperty(σ2)with1≤c<3/2.Thus,altheconditionsof
Theorem3.18,exceptthecondition(σ1),aresatisfied,andThasnofixedpoint.
WenowmovetofindanotherdifferenttypesofgeneralizationsofKannan'stheorems,startingwith
thefolowingdefinition,asfolows.
Definition3.27:Inametricspace(X,d),T:X→XandS:X→Xbethetwooperators.ThenTissaidtobe
S-dominated
c-
Kannanmappingofdegreew,if,withrespecttosome
c
∈Ű
c
,thefolowingholds,

c
(d
w
(STx,STy),d
w
(Sx,STx)+d
w
(Sy,STy))>0,foralx,y∈X,foranyfixedw∈N. ...(3.27.1)
Now,In[11]MalceskiprovedthefolowinggeneralizationofKannan'theorem:
Theorem3.28:Let(X,d)beacompletemetricspace,T:X→XandS:X→Xbeamappingsuchthatitis
continuous,injectionandsequentialyconvergent.Ifα>0,γ≥0and2α+γ<1,and,satisfiesthecondition
that,d(STx,STy)≤α[d(Sx,STx)+d(Sy,STy)]+γd(Sx,Sy);foralx,y∈X,thenthereisauniquefixedpointofT.
NowwefindanotherdifferentgeneralizationofTheorem2.1(Kannan,[3]),byusing
c
function,which
isquiteanalogoustotheaboveTheorem3.28.
Theorem3.29:Let(X,d)isametricspace,andT:X→XandS:X→Xbethetwooperators;suchthat,TisS-
dominated
c-
Kannanmappingofdegreew,withrespecttosome
c
∈
c
(c=1),withthefolowing
conditionsholds;
(1)S(X)iscomplete,
(2)Sisinjective;
(3)Either
c
(t,s)<s-t;or,
c
satisfythecondition($),
ThenthereexistsauniquefixedpointoftheoperatorT,inX.
Proof:Let{x
n
}
n≥0
isformedbythepicard'sinteration,ie.x
n
=T
n
x
0
,withinitialbasepointx
0
.weassume,
x
n+1
≠x
n
foranyn;becauseifnotsoforsomeindexk,thenT(x
k
)=x
k+1
=x
k
andwewouldgetfixedpoint
14
andourproofwouldbeover.Soassumex
n+1
≠x
n
foraln.Now,bytheinjectivityofSimpliesthat,for
suchasequence,Sx
n+1
≠Sx
n
foraln.
Given,
c
(d
w
(STx,STy),d
w
(Sx,STx)+d
w
(Sy,STy))>0x,y∈X.
Sowehave,
c
(d
w
(STx
n+1
,STx
n
),d
w
(STx
n+1
,Sx
n+1
)+d
w
(STx
n
,Sx
n
))>0,n∈N.
Whichimplies,
c
(d
w
(Sx
n+2
,Sx
n+1
),d
w
(Sx
n+2
,Sx
n+1
)+d
w
(Sx
n+1
,Sx
n
))>0,[As,x
n+1
=Tx
n
foraln≥0]
Choosea
n
=d
w
(Sx
n+2
,Sx
n+1
)(>0),then,a
n-1
=d
w
(Sx
n+1
,Sx
n
);andso
c
(a
n
,b
n
)>0,
,
where,b
n
a
n-1
+a
n
,n∈N.
Soby(1)wehaved
w
(Sx
n+1
,Sx
n
)=a
n-1
→0,asn→∞.Thatisd(Sx
n+1
,Sx
n
)→0asn→∞. ...(3.30.1)
Claim:{x
n
}isS-bounded.
ProofofClaim:Usingthesimilarpreviousarguments,weassume,that{x
n
}isnotS-boundedandwe
provebycontradiction.WithoutlossofgeneralityweassumethatSx
n+p
≠Sx
n
n,p∈N;andsoclearly,
Tx
n+p
≠Tx
n
n,p∈ N.Nowas{x
n
}isnotS-bounded,foreachk,thereexiststwosubsequences{Sx
n
k
}
and{Sx
m
k
}of{Sx
n
}withkn
k
<m
k
,that,foreachk∈N,m
k
istheminimumintegersuchthat,
d(STx
n
k
-1
,STx
m
k
-1
)=d(Sx
n
k
,Sx
m
k
)>1andd(Sx
n
k
,Sx
p
)1forn
k
≤p≤m
k
...(3.30.2)
SubcaseI:Nowif
c
(t,s)<s-tthen,by(3.30.2),wehavethat,
1<d
w
(Sx
n
k
,Sx
m
k
)=d
w
(STx
n
k
-1
,STx
m
k
-1
)<d
w
(STx
n
k
-1
,Sx
n
k
-1
)+d
w
(STx
m
k
-1
,Sx
m
k
-1
)
=d
w
(Sx
n
k
,Sx
n
k
-1
)+d
w
(Sx
m
k
,Sx
m
k
-1
)
Thenby(3.30.1),takinglimitonbothsidesask→∞,wearriveatacontradiction,asprevious.
SubcaseII:Alsoif
c
satisfythecondition($),thenweassume,
a
k
=d
w
(Sx
n
k
,Sx
m
k
)andb
k
=d
w
(Sx
n
k
,Sx
n
k
-1
)+d
w
(Sx
m
k
,Sx
m
k
-1
),
Thenby,thegivencondition,wehave,
c
(a
k
,b
k
)>0withb
k
→0sobytheproperty(S)wehavea
k
→0.
Claim:{x
n
}isS-Cauchy.
ProofofClaim:Likewisepreviouscase,weconsiderC
n
=sup{d(Sx
i
,Sx
j
):i,j≥n}.
ThenbytheS-boundednessandmonotonicityofC
n
implies,limn→∞C
n
=C.(forsomeC).Andasprevious,
ifC>0,thenthereexistsq
k
,p
k
withp
k
>q
k
≥k,thatlimk→∞d(Sx
p
k
,Sx
q
k
)=C.Thenlikepreviouscases(orby
SubcaseI,subcaseII,forq
k,
p
k
)weprovedtheclaim.
Nowbycondition(1)thereexistsapointz(say)inS(X),forwhichSx
n
→z.Alsoasz∈S(X),thereisa
pointsayc∈XthatS(c)=z.
Nowaspreviousweconsider,a
n
=d
w
(STx
n
,STc)andb
n
=d
w
(STx
n
,Sx
n
)+d
w
(STc,Sc),foraln∈N,such
that,a
n
→d
w
(z,STc)andb
n
→d
w
(Sc,STc)=d
w
(Sc,STc).Soby(2)wehave,d
w
(z,STc)=0,ie.STc=z=Scand,
theinjectivityofSshowsthat,Tc=c.Uniquenessoffixedpointfolowsfromthepreviousarguments.
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Remark3.30:HerewehaveonlyassumedtheinjectiveconditionofS,andhaven'tusethecontinuity
andsequentialconvergencecriteria,butstilthetheoremremainstrue,ifweassumethatimageofX
underSiscomplete.
Corollary3.31:(Koparde-Waghmodetheorem ;See[12]):If(X,d)isacompletemetricspaceand,
T:X→Xismappingsuchthat,thereexists,α∈(0,1/2)sothat,thefolowingissatisfied,
d
2
(Tx,Ty)≤α[d
2
(x,Tx)+d
2
(y,Ty)],foralx,y∈X,
ThenTwouldhaveuniquefixedpointinX.
Proof:Weassumeour
c
functionas
c
(t,s)=αs-t,withα∈(0,1/2),andconsiderouroperatoras,S(x)=x,
andputw=2,intheTheorem3.29.
Corollary3.32:(Patel-Deheritheorem;See[13]):Inacompletemetricspace,ifthetwooperatorsS,T
satisfy,d(STx,STy)≤α[d(Sx,STx)+d(Sy,STy)],where0<α<1/2andSiscontinuous,injectionand
sequentialyconvergent;thenThasauniquefixedpointinX.
Proof:Weassumeour
c
functionas
c
(t,s)=αs-t,withα∈(0,1/2),andputw=1,intheTheorem3.29.
Nowweproveanothertheorem,analogoustoTheorem2.2(Kannan[2]),
Theorem3.33:Let(X,d)beametricspace.LetT,SbeamapofXintoitselfsuchthat,TisS-dominated
c
-
Kannanmappingofdegreew=1,withrespecttosome
c
function(c=1),withthefolowingconditions
holds;
(i)Either
c
(t,s)<s–tforals,t>0,or,
c
satisfyingthecondition($)
(i)Thereexistsapointpsuchthat,thepicardsequenceTx
n
hasasubsequence{Tx
n
k
}convergingtoq;
(ii)TandSbothcontinuousatthepointSq∈X;and,
(iv)SisinjectiveandcontinuousatTq;
Then,qistheuniquefixedpointofT.
Proof:SupposeTq≠q.Then,by(iv),STq≠Sq.Weconsidertwodisjointopenbals,sayB(TSq,r
1
)and
B(Sq,r
2
),withcentresatTq,q,andradiusr
1
,r
2
respectivelyandchoose,0<r<min{r
1
,r
2
,d(TSq,Sq)/3}.
Now,asthesubsequence{Tx
n
k
}convergingtoq,andSiscontinuousatbothqandTq.So{STx
n
k
}
convergestoSq;and{STTx
n
k
}convergestoSTq.thereexistsapositiveintegerM,suchthat,foralk>
M,wehavethat,
STx
n
k
∈B(Sq,r)andSTTx
n
k
∈B(STq,r),
Andsoclearly,foreachk>M ,wehavethat,
Then,By(i),0<3r<d(STq,Sq)≤d(STq,STTx
n
k
)+d(STTx
n
k
,STx
n
k
)+d(STx
n
k
,Sq)<2r+d(STx
n
k
,STTx
n
k
)
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Thisimpliesthat,
d(STx
n
k
,STTx
n
k
)>r. ..(3.33.1)
Now,TisS-dominated
c-
Kannanmappingofdegreew=1,sobyusing(i)and,usingthesimilarideas
usedinTheorem3.17,Sisasymptoticalyregularandhencewehavecontradictionto(3.33.1).Andso
STq=SqorequivalentlyTq=q.Theuniquenessfolowsfromthecaseisasprevious.
Example3.34:AlsoourS-dominated
c
-Kannancontractionconditionisaproperextensionofthe
Kannan'scontractionconditionweconsidertheexamplegivenin[10],[12]withalittlebrief.
X={0,1/4,1/5,1/6,..}endowedwiththeEuclideanmetric.DefineT:X→X,byT(0)=0,andT(1/n)=1/(n+1).
Andconsider,S:X→XtobeS(0)=0andS(1/n)=1/n
n
,thenTdoesnotsatisfytheKannan'scontraction
conditionforanyconstant>0,butitisS-dominated
c-
Kannanmappingofdegreew=1withrespectto
the
c
-functiondefinedby
c
(t,s)=s/3–t(for0<c<2).(ByRemark3.20).AlsobydefiningStobe,
S(0)=0andS(1/n)=1/[e
2n
],TisaS-dominated
c
-Kannanwithrespecttothe
c
-functiondefinedby,

c
(t,s)=s/6–t(for0<c<2).(ByRemark3.21).
Weconsideronemorenewexampleofthistype,butinmuchsimplerform.
Example3.35:ConsidertheexamplediscussedinExample3.24.ThenclearlyTdoesnotsatisfythe
Kannan'scontractioncanbeseenbyconsideringtwopoints3and4.ButthisTissatisfyingtheS-
dominated
c
-Kannan,withrespecttothe
c
-functiondefinedby
c
(t,s)=αs–t(for0<c<2);foral
fixedα∈(0,1/2).
4 Conclusion:
HereinthisarticlewetriedtofindseveralextensionofKannan'stwodifferentfixedpointresults,by
introducingtheconceptof
c
-S-KannanoperatorandS-dominated
c
-S-Kannanoperatorofdegreew;
viathenewconceptof
c
-function(showntobeindependentoftheotherthreeconceptsofSimulation
function,ManageablefunctionandR-function).Thesenewgeneralizationsalsoextendsseveralknown
theoremsinthisbranchandthesimilarideascouldbeprofitablyextendedtothethreedimensional
caseof
c
-functionsandwouldbehelpfultofindtheextensionoftheFishertypeofmappingandthe
similartypeofoperators.Now,bytheabovesdiscussions,folowinginterestingproblemsarise.
Problem 1:CantheTheorem 3.17(orTheorem 3.18)andTheorem 3.29(orTheorem 3.33)beproved
withanoperatorsatisfyingthecondition(3.13.1)(orcondition3.27.1)foradensesubsetofX,insteadof
wholeofX?
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Problem2:Ifwedefineananalogousdefinition3.13,andDefinition3.27asfolows:
AnoperatorTonametricspacesiscaled
c
-S-Fisherifitsatisfy,
c
(d(Tx,Ty),d(Tx,Sy)+d(Ty,Sx))>0
andsaidtobeS-dominated
c-
Fishermappingofdegreew,if,withrespecttosome
c
function,if

c
(d
w
(STx,STy),d
w
(Sy,STx)+d
w
(Sx,STy))>0,foralx,y∈X,foranyfixedw∈N.Then,canthe
Theorem 3.17(orTheorem 3.18)andTheorem 3.29(orTheorem 3.33)beproved,withanoperator
satisfyingtheaboveproposedconditionsfortheFishertypeofoperator?
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